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Abstract
We study curvature identities on contact metric manifolds on the geometry
of the corresponding almost Ka¨ehler cones, and we provide applications of the
derived curvature identities.
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1 Introduction
A (2n+1)-dimensional smooth manifold M is called an almost contact manifold if it
admits a triplet (φ, ξ, η) of a (1,1) tensor field φ, a vector field ξ and a 1-form η satisfying
φ2X = −X + η(X)ξ, φξ = 0, η ◦ φ = 0, η(ξ) = 1, (1.1)
for any X ∈ X(M), where X(M) denote the Lie algebra of all smooth vector fields
on M . Further, an almost contact metric manifold M = (M,φ, ξ, η) equipped with a
Riemannian metric g satisfying
g(φX, φY ) = g(X, Y )− η(X)η(Y ), η(X) = g(ξ,X), (1.2)
for any X, Y ∈ X(M) is called an almost contact metric manifold with the almost
contact metric structure (φ, ξ, η, g). On the other hand, a (2n+1)-dimensional smooth
manifold M is called a contact manifold if it admits a global 1-form η satisfying η ∧
(dη)n 6= 0 everywhere on M . Then, the 1-form η is called a contact form of M . It
is well-known that, for a given contact manifold M = (M, η), there exists an almost
contact metric structure (φ, ξ, η, g) (ξ being the dual vector field of η) satisfying
dη(X, Y ) = g(X, φY ), g(X, ξ) = η(X), (1.3)
for any X, Y ∈ X(M), which is called a contact metric structure on M associated
to the contact structure η. A contact manifold endowed with an associated contact
1
metric structure is called a contact metric manifold. Now, let M = (M,φ, ξ, η, g)
be a (2n+1)-dimensional almost contact metric manifold and M¯ = M × R be the
product manifold of M and a real line R equipped with the (1,1)-tensor field J¯ and a
Riemannian manifold g¯ defined respectively by
J¯X = φX − η(X)
∂
∂t
, J¯
∂
∂t
= ξ,
g¯(X, Y ) = e−2tg(X, Y ), g¯(
∂
∂t
,
∂
∂t
) = e−2t, g¯(X,
∂
∂t
) = 0,
(1.4)
for any X, Y ∈ X(M) and t ∈ R. Then, we may easily check that (J¯ , g¯) is an almost
Hermitian structure on M¯ . An almost contact metric manifold M = (M,φ, ξ, η, g) is
said to be normal if the corresponding almost Hermitian manifold M¯ = (M¯, J¯ , g¯) is
integrable (i.e. M¯ = (M¯, J¯ , g¯) is a Hermitian manifold). Further, a normal contact
metric manifold is called a Sasakian manifold. Concerning the relationships between
the classes of almost contact metric manifolds and the cones of the corresponding al-
most Hermitian manifolds defined by (1.4), it is known that an almost contact metric
manifold M = (M,φ, ξ, η, g) is a Sasakian manifold (resp. a contact metric manifold)
if and only if the corresponding almost Hermitian manifold M¯ = (M¯, J¯ , g¯) is a Ka¨hler
manifold (resp. an almost Ka¨hler manifold) [10]. In [3], Gray established curvature
identities for an almost Hermitian manifold belonging to some special classes of almost
Hermitian manifolds, for example, Ka¨hler manifolds, almost Ka¨hler manifolds, quasi
Ka¨hler manifolds and Hermitian manifolds. In the present paper, we shall discuss the
curvature identities on contact metric manifolds M = (M,φ, ξ, η, g) derived from the
curvature identities on the corresponding almost Hermitian manifolds M¯ = (M¯, J¯, g¯)
defined by (1.4). We also provide some results related to the obtained curvature iden-
tities.
2 Preliminaries
In this section, we prepare some basic formulas and fundamental facts we need in
the discussions of the present paper. Let M = (M,φ, ξ, η, g) be a (2n+1)-dimensional
almost contact metric manifold and M¯ = (M¯, J¯, g¯) be the corresponding almost Hermi-
tian manifold defined by (1.4). We denote by ∇(resp.∇¯) the Levi-Civita connection of
the Riemannian metric g(resp.g¯) and by R(resp.R¯) the curvature tensor of ∇(resp.∇¯)
defined respectively by
R(X, Y )Z = [∇X ,∇Y ]Z −∇[X,Y ]Z, (2.1)
2
for X, Y, Z ∈ X(M), and
R¯(X¯, Y¯ )Z¯ = [∇¯X¯ , ∇¯Y¯ ]Z¯ − ∇¯[X¯,Y¯ ]Z¯, (2.2)
for X¯, Y¯ , Z¯ ∈ X(M¯). We note that X(M¯) can be regarded as a Lie subalgebra of X(M¯)
in the natural way. Further, we get
R(X, Y, Z,W ) = g(R(X, Y )Z,W ) (resp. R¯(X¯, Y¯ , Z¯, W¯ ) = g¯(R¯(X¯, Y¯ )Z¯, W¯ )), (2.3)
for X, Y, Z,W ∈ X(M) (resp. for X¯, Y¯ , Z¯, W¯ ∈ X(M¯)). We denote also by ρ and τ
(resp. ρ¯ and τ¯) the Ricci tensor and the scalar curvature of M = (M,φ, ξ, η, g) (resp.
M¯ = (M¯, J¯ , g¯)). Further, we denote by ρ¯∗ and τ¯ ∗ (resp. ρ∗ and τ ∗) the ∗-Ricci tensor
and ∗-scalar curvature of M¯ = (M¯, φ, ξ, η, g¯)(resp. M = (M,φ, ξ, η, g)) defined by
ρ¯∗(X¯, Y¯ ) =
1
2
trace of(Z¯ 7→ R¯(X¯, J¯ Y¯ )J¯ Z¯),
(resp. ρ∗(X, Y ) =
1
2
trace of(Z 7→ R(X, φY )φZ)),
(2.4)
and
τ¯ ∗ = trace of (1, 1) tensor field Q¯∗ on M¯,
(resp. τ ∗ = trace of (1, 1) tensor field Q∗ on M),
(2.5)
given by
g¯(Q¯∗X¯, Y¯ ) = ρ¯∗(X¯, Y¯ ),
(resp. g(Q∗X, Y ) = ρ∗(X, Y )),
(2.6)
for X¯, Y¯ , Z¯ ∈ X(M¯) (resp. X, Y, Z ∈ X(M)). Now we define (1,1)-tensor field h by
h =
1
2
£ξφ. (2.7)
The tensor field h plays an important role in the geometry of almost contact metric
manifold. The tensor field h satisfies the following equalities
hξ = 0, trh = 0. (2.8)
Further, it is known that the tensor field h is symmetric and satisfies
φh+ hφ = 0, (2.9)
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for a contact metric manifold M = (M,φ, ξ, η, g). Now, from (1.4), by direct calcula-
tion, we have
∇¯XY = ∇XY + g(X, Y )
∂
∂t
, ∇¯X
∂
∂t
= −X, ∇¯ ∂
∂t
X = −X, ∇¯ ∂
∂t
∂
∂t
= −
∂
∂t
, (2.10)
for X, Y ∈ X(M). Thus, from (1.4) and (2.10), we have further
(∇¯X J¯)Y = (∇Xφ)Y − g(X, Y )ξ + η(Y )X − (g(φX, Y ) + (∇Xη)(Y ))
∂
∂t
, (2.11)
(∇¯X J¯)
∂
∂t
= ∇Xξ + φX, (2.12)
(∇¯ ∂
∂t
J¯)X = 0, (∇¯ ∂
∂t
J¯)
∂
∂t
= 0, (2.13)
for X, Y ∈ X(M). Then, from (1.4) and (2.11), we have
∇¯iJ¯jk = ∇iφjk − gijηk + ηjgik. (2.14)
Throughout this paper, we shall adopt the notational convention in the usual tensor
analysis. Let (xi) = (x1, x2, . . . , x2n+1) be local coordinates on an open subset of
M and (xλ) = (x1, x2, . . . , x2n+1, x2n+2 = t) = (xi, x2n+2) be the corresponding local
coordinates an open subset U ×R of M¯ =M ×R. Further, we assume that the Latin
indices run over the range 1, 2, . . . , 2n + 1 and the Greek indices run over the range
1, 2, . . . , 2n+ 1, 2n+ 2 = ∆, and
φ∂j = φj
i∂i (∂j =
∂
∂xj
), φij = g(φ∂i, ∂j) = gajφi
a,
(resp. J¯∂λ = J¯λ
µ
∂µ (∂λ =
∂
∂xλ
, ∂∆ =
∂
∂x∆
=
∂
∂t
)
J¯λµ = g¯(J¯∂λ, ∂µ) = g¯αµJ¯λ
α
).
(2.15)
Then, from (1.4) and (2.15), we see that (2.11), (2.12) and (2.13) can be rewritten
respectively as follows:
∇¯iJ¯j
k
= ∇iφj
k − gijξ
k + ηjδi
k,
∇¯iJ¯
∆
j = −φij −∇iηj ,
∇¯iJ¯∆
k
= ∇iξ
k + φi
k,
∇¯∆J¯j
k
= 0, ∇¯∆J¯j
∆
= 0, ∇¯∆J¯∆
∆
= 0.
(2.16)
Further, we also set
R(∂i, ∂j)∂k = Rijk
l∂l, Rijkl = g(R(∂i, ∂j)∂k, ∂l) = gdlRijk
d,
(resp. R¯(∂λ, ∂µ)∂ν = R¯λµν
κ
∂k, R¯λµνk = g¯(R¯(∂λ, ∂µ)∂ν , ∂k) = g¯kσR¯λµν
σ
),
(2.17)
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and so on. Then, from (1.4) and (2.17), we have
R¯ijk
l = Rijk
l − δi
lgjk + δj
lgik,
R¯ijk
∆ = 0, R¯i∆k
l = 0, R¯i∆∆
l = 0, R¯i∆∆
∆ = 0.
(2.18)
From (2.18), we also have
ρ¯jk = ρjk − 2ngjk, ρ¯j∆ = 0, ρ¯∆∆ = 0, (2.19)
and hence
τ¯ = e2t(τ − 4n2 − 2n). (2.20)
Similarly, from (1.4), (2.4), and (2.18), we have
ρ¯∗ij = ρ
∗
ij − gij + ηiηj, ρ¯
∗
i∆ =
1
2
ξaRiac
bφb
c, ρ¯∗∆j = 0, ρ¯
∗
∆∆ = 0, (2.21)
and hence
τ¯ ∗ = e2t(τ ∗ − 2n). (2.22)
From (1.4) and (2.19), we get
J¯αj J¯
β
k ρ¯αβ = ρabφj
aφk
b − 2ngjk + 2nηjηk,
J¯αj J¯
β
∆ρ¯αβ = ρabφj
aξb,
J¯α∆J¯
β
∆ρ¯αβ = ρabξ
aξb − 2n.
(2.23)
Similarly, from (1.4) and (2.21), we get also
J¯αj J¯
β
k ρ¯
∗
αβ = ρ
∗
abφj
aφk
b − gjk + ηjηk + ρ
∗
ljξ
lηk,
J¯α∆J¯
β
k ρ¯
∗
αβ =
1
2
ξaRkac
bφb
c,
J¯αj J¯
β
∆ρ¯
∗
αβ = J¯
α
∆J¯
β
∆ρ¯
∗
αβ = 0.
(2.24)
Since J¯αλ J¯
β
µ ρ¯
∗
αβ = ρ¯
∗
µλ holds, from (2.21) and (2.24), we have
ρ∗abφj
aφk
b + ρ∗bjηkξ
b = ρ∗kj . (2.25)
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Further, from (1.4) and (2.18), by direct calculation, we have
(1) e2tJ¯αi J¯
β
j J¯
γ
k J¯
σ
l R¯αβγσ = φi
aφj
bφk
cφl
dRabcd − gilgjk + gikgjl + gilηjηk
+ gjkηiηl − gjlηiηk − gikηjηl,
(2) e2tJ¯αi J¯
β
j R¯αβkl = φi
aφj
bRabkl − φilφjk + φjlφik,
(3) e2tJ¯αi J¯
γ
k R¯αjγl = φi
aφk
cRajcl + φilφjk + gjlgik − gjlηiηk,
(4) e2tJ¯α∆J¯
β
j R¯αβkl = ξ
aφj
bRabkl − ηlφjk + ηkφjl,
(5) e2tJ¯α∆J¯
γ
k R¯αjγl = ξ
aφk
cRajcl + ηlφjk,
(6) e2tJ¯α∆J¯
β
j J¯
γ
k J¯
σ
l R¯αβγσ = ξ
aφj
bφk
cφl
dRabcd,
(7) e2tJ¯α∆J¯
γ
∆R¯αjγl = ξ
aξcRajcl + gjl − ηjηl,
(8) e2tJ¯α∆J¯
β
j J¯
γ
∆J¯
σ
l R¯αβγσ = ξ
aφj
bξcφl
dRabcd + gjl − ηjηl,
(2.26)
3 Curvature identities on contact metric manifolds
Let M = (M,φ, ξ, η, g) be a (2n+1)-dimensional contact metric manifold and M¯ =
M×R be the product manifoldM and a real line R endowed with the almost Hermitian
structure (J¯ , g¯) defined by (1.4). Now, we suppose that the curvature tensor R¯ of M¯
satisfies the following identity:
R¯λµνκ + J¯
α
λ J¯
β
µ J¯
γ
ν J¯
σ
κ R¯αβγσ + J¯
α
λ J¯
γ
ν R¯αµγκ + J¯
β
µ J¯
σ
κ R¯λβνσ
− J¯αλ J¯
β
µ R¯αβνκ − J¯
γ
ν J¯
σ
κ R¯λµγσ + J¯
α
λ J¯
σ
κ R¯αµνσ + J¯
β
µ J¯
γ
ν R¯λβγκ
= 2g¯αβ(∇¯αJ¯λµ)∇¯βJ¯νκ.
(3.1)
Now, setting λ = i, µ = j, ν = k, κ = l in (3.1) and taking account of (1.4), (2.15) ∼
(2.18) and (2.26), we have
Rijkl + φi
aφj
bφk
cφl
dRabcd + φi
aφk
cRajcl + φj
bφl
dRibkd − φi
aφj
bRabkl
− φk
cφl
dRijcd + φi
aφl
dRajkd + φj
bφk
cRibcl + 4φilφjk − 4φjlφik
− 4gilgjk + 4gjlgik + 4gilηjηk + 4gjkηiηl − 4gjlηiηk − 4gikηjηl
= 2(∇aφij)∇aφkl + 2ηk∇lφij − 2ηl∇kφij + 2ηi∇jφkl − 2ηj∇iφkl,
(3.2)
Similarly, setting λ = ∆, µ = j, ν = k, κ = l in (3.1), we have also
ξaφj
bφk
cφl
dRabcd + ξ
aφk
cRajcl − ξ
aφj
bRabkl + ξ
aφl
dRajkd
= 2(∇aηj)∇aφkl + 2ηk∇lηj − 2ηl∇kηj + 2φaj∇
aφkl.
(3.3)
Furthermore, setting λ = i, µ = ∆, ν = k, κ = ∆ in (3.1), we have
φi
aξbφk
cξdRabcd + ξ
bξdRibkd = 2((∇aηi)∇
aηk + φak∇
aηi + φai∇
aηk), (3.4)
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where ∇a = gab∇b. Thus, from (3.2) ∼ (3.4), taking account of the Z2-symmetricity
of the curvature tensors R and R¯ of type (0,4) of M and M¯ respectively, we have the
following.
Theorem 1 The curvature tensor R of an almost contact metric manifold M =
(M,φ, ξ, η, g) verifies the identities (3.2) ∼ (3.4) if and only if the curvature tensor
R¯ of the corresponding almost Hermitian manifold M¯ = (M¯, J¯ , g¯) defined by (1.4)
verifies (3.1).
Particularly, if M is a contact metric manifold, then the corresponding almost Hermi-
tian manifold M¯ is an almost Ka¨hler manifold, and hence, the curvature tensor R¯ of M¯
verifies the identity (3.1). Thus, from Theorem 1, we have immediately the following.
Corollary 2 The curvature tensor R of a contact metric manifold M = (M,φ, ξ, η, g)
verifies the identities (3.2) ∼ (3.4).
Now, in the remaing of this section, we assume that M = (M,φ, ξ, η, g) is a (2n+1)-
dimensional contact metric manifold and M¯ = (M¯J¯, g) is the corresponding almost
Ka¨hler manifold defined by (1.4). We here recall several fundamental formulas on a
contact metric manifold. On the contact metric manifold M = (M,φ, ξ, η, g) under
discussion, we have the following in addition to (2.8) and (2.9) [1]:
(1) ∇iξ
i = 0,
(2) ξa∇aφj
i = 0,
(3) ∇iξ
j = −φi
j − φa
jhi
a,
(4) ξa∇ahj
i = φj
i − ha
ihb
aφj
b − φa
iRjbc
aξbξc,
(5) ∇iφj
i = −2nηj ,
(6) ρijξ
iξj = 2n− trh2.
(3.5)
Since ∇¯iJ¯jk + ∇¯jJ¯ki + ∇¯kJ¯ij = 0 holds on M , from (2.14), we have
∇iφjk +∇jφki +∇kφij = 0. (3.6)
From (3) of (3.5), we have also
‖∇η‖2 = 2n+ trh2. (3.7)
Transvecting (3.2) with gil and taking accounting of (2.15), (5) of (3.5), we have
2ρjk + 2φj
bφk
cρbc − ξ
aξdφj
bφk
cRabcd − 2ρ
∗
jk − 2ρ
∗
kj − ξ
aξbRajkb
− 8(n− 1)gjk + 8(n− 1)ηjηk = −2(∇
aφjl)∇aφk
l + 8nηjηk + 4ηl∇kφj
l.
(3.8)
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Further, transvecting (3.8) with gjk and taking account of (2.15), (5), (6) of (3.5), we
have
4τ − 4τ ∗ − 4(2n− trh2)− 16n2 = −2‖∇φ‖2,
and hence
τ ∗ − τ + 4n2 = trh2 +
1
2
(‖∇φ‖2 − 4n). (3.9)
([8], (3.8) in Lemma 3.3). Transvecting (3.3) with gjl and taking account of (2.15), (1)
of (3.5) and (3.6), we have
−2ξaφk
cρac − ξ
aφj
bRakb
j = 2(∇aηj)∇
aφk
j. (3.10)
Furthermore, transvecting (3.10) with φi
k and taking account of (2.4), (2.8), (2.9),
(3.5) and (3.6), we have
ρaiξ
a − ρ∗aiξ
a − 2nηi = hj
b∇bφi
j. (3.11)
On the other hand, transvecting (3.1) with g¯λκ, we have
ρ¯∗µν + ρ¯
∗
νµ − ρ¯µν − J¯
α
µ J¯
β
ν ρ¯αβ = g¯
αβ g¯λσ(∇¯αJ¯
λ
µ )∇¯β J¯
σ
ν . (3.12)
Furthermore, transvecting (3.12) with g¯µν , we have
2(τ¯ ∗ − τ¯) = ‖∇¯J¯‖2. (3.13)
Here, setting µ = j, ν = k in (3.12) and taking account of (2.16), (2.19), (2.21), (2.23),
(2), (5) of (3.5) and (3.6), we have
ρ∗jk + ρ
∗
kj − ρjk − ρabφj
aφk
b =(∇aφjl)∇aφk
l − 2ηl∇jφk
l + φaj∇
aηk + φak∇
aηj
+ (∇aηj)∇aηk − 4(n− 1)gjk − 4ηjηk.
(3.14)
Similarly, setting µ = i, ν = ∆ in (3.12), we have
1
2
ξaRiac
bφb
c − ρbcφi
bξc = −(∇aφci)∇aξ
c. (3.15)
We may easily check that (3.14) can be also derived from (3.4) and (3.8) and further,
(3.15) is nothing but (3.10). So, we can not deduce any new equalities from (3.10)
itself. From (2.20) and (2.22), we have
τ¯ ∗ − τ¯ = e2t(τ ∗ − τ + 4n2). (3.16)
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On one hand, from (2.15), (2.16) and (5) of (3.5), we have
gab(∇¯aJ¯
c
d)∇¯bJ¯
d
c = −(∇
aφcd − ξdgac + ξcgad)(∇aφcd − ηdgac + ηcgad)
= −(‖∇φ‖2 − 4n).
(3.17)
Thus, taking account of (3.17), we have further
‖∇¯J¯‖2 = 2(τ ∗ − τ + 4n2) = ‖∇φ‖2 − 4n+ 2trh2, (3.18)
and hence
τ ∗ − τ + 4n2 = trh2 +
1
2
(‖∇φ‖2 − 4n). (3.19)
Thus, we obtain the same equality as in ([1], Proposition 7.7). It is well-known
that a Sasakian manifold is characterized as an almost contact metric manifold M =
(M,φ, ξ, η, g) satisfying the condition ([1], Theorem 6.3):
(∇Xφ)Y = g(X, Y )ξ − η(X)Y (namely,∇iφj
k = gijξ
k − ηiδj
k), (3.20)
for any X, Y ∈ X(M). Thus summing up the above arguments, we may reprove the
result due to Olszak ([8], Lemma 3.3).
4 Applications
In this section, we shall provide some applications of the discussions in the previous
sections. Gray [3] has defined the following identities (G¯i) (i=1, 2, 3) for the curvature
tensor R¯ of an almost Hermitian manifold M¯ = (M¯, J¯ , g¯):
(G¯1) R¯(X¯, Y¯ , Z¯, W¯ ) = R¯(X¯, Y¯ , J¯Z¯, J¯W¯ ),
(G¯2) R¯(X¯, Y¯ , Z¯, W¯ ) = R¯(J¯X¯, J¯ Y¯ , Z¯, W¯ ) + R¯(J¯X¯, Y¯ , J¯Z¯, W¯ ) + R¯(J¯X¯, Y¯ , Z¯, J¯W¯ ),
(G¯3) R¯(X¯, Y¯ , Z¯, W¯ ) = R¯(J¯X¯, J¯ Y¯ , J¯Z¯, J¯W¯ ),
for any X¯, Y¯ , Z¯, W¯ ∈ X¯(M). Almost Hermitian manifold M¯ = (M¯, J¯, g¯) is said to
satisfy the (G¯i) identity if it curvature tensor R¯ verifies the curvature identity (G¯i)
(i=1, 2, 3). Then we may easily check that the implication relations for the (G¯i)
identities are as follows [3]:
(G¯1)⇒ (G¯2)⇒ (G¯3). (4.1)
Now, let M = (M,φ, ξ, η, g) be a (2n+1)-dimensional almost contact metric manifold
and M¯ = M × R be the product manifold of M and a real line R endowed with the
almost Hermitian structure (J¯ , g¯) defined by (1.4).
Now, taking account of (2.17), (2.18) and (2.26), we have the following.
9
Lemma 3 M¯ = (M¯, J¯ , g¯) satisfies the (G¯1) identity if and only if M = (M,φ, ξ, η, g)
satisfies
(G1) Rijkl − φk
cφl
dRijcd = gilgjk − gjlgik − φilφjk + φjlφik,
(G1 − 1) ξ
cφl
dRijcd = ηiφjl − ηjφil.
Lemma 4 M¯ = (M¯, J¯ , g¯) satisfies the (G¯2) identity if and only if M = (M,φ, ξ, η, g)
satisfies
(G2) Rijkl − φi
aφj
bRabkl − φi
aφk
cRajcl − φi
aφl
dRajkd = gjkηiηl − gjlηiηk,
(G2 − 1) ξ
aφj
bRabkl + ξ
aφk
cRajcl + ξ
aφl
dRajkd = 0,
(G2 − 2) φi
aξbRabkl = ηkφil − ηlφik,
(G2 − 3) φi
aξcRajcl = ηjφil,
(G2 − 4) ξ
aξcRajcl = −gjl + ηjηl.
Lemma 5 M¯ = (M¯, J¯ , g¯) satisfies the (G¯3) identity if and only if M = (M,φ, ξ, η, g)
satisfies
(G3) Rijkl − φi
aφj
bφk
cφl
dRabcd = gilηjηk + gjkηiηl − gikηjηl − gjlηiηk,
(G3 − 1) ξ
aφj
bφk
cφl
dRabcd = 0,
(G3 − 2) ξ
aξcφj
bφl
dRabcd = −gjl + ηjηl.
Now, we can easily check that the identity (G1 − 1) is derived from (G1) in Lemma 3
and similarly that the identities (G2−1) ∼ (G2−4) are derived from (G2) in Lemma 4,
and further that the identities (G3 − 1) and (G3 − 2) are derived from (G3) in Lemma
5. Therefore, we have the following.
Proposition 6 M¯ = (M¯, J¯ , g¯) satisfies the (G¯i) identity if and only ifM = (M,φ, ξ, η, g)
satisfies the (Gi) identity (i = 1, 2, 3).
Based on Proposition 6, Mocanu and Munteanu [7] defined that an almost contact
metric manifold M = (M,φ, ξ, η, g) is said to satisfy the (Gi) identity if the curvature
tensor R of M verifies the identity (Gi) (i=1, 2, 3). Then, from the corresponding
implication relations (4.1), we have the following implication relations for the (Gi)
identities (i=1, 2, 3):
(G1)⇒ (G2)⇒ (G3). (4.2)
The following is well-known ([1], Proposition 7.6).
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Proposition 7 A contact metric manifold M = (M,φ, ξ, η, g) is Sasakian if and only
if its curvature tensor R satisfies
R(X, Y )ξ = η(Y )X − η(X)Y.
The following is an improvement of the one by Mocanu and Munreanu [7].
Proposition 8 If a contact metric manifold M = (M,φ, ξ, η, g) satisfies the (G3)
identity, then M is Sasakian.
Proof. We assume that M = (M,φ, ξ, η, g) is a contact metric manifold satisfying
(G3) identity. Then, transvecting the identity G3 with ξ
k, we have
ξkRijkl = gilηj − gjlηi.
Therefore, from Proposition 7, it follows that M is Sasakian.
From Proposition 8, taking account of (4.2), we have immediately the following:
Corollary 9 If a contact metric manifold M = (M,φ, ξ, η, g) satisfies any one of the
(Gi) identities (i = 1, 2, 3), then M is Sasakian.
In the remaining of this section, we assume that M = (M,φ, ξ, η, g) is a 3-dimensional
contact metric manifold. Then the corresponding almost Ka¨hler manifold M¯ =
(M¯, J¯, g¯) defined by (1.4) is a 4-dimensional almost Ka¨hler manifold. Since dimM¯=4,
it follows that the following identity.
ρ¯∗λµ + ρ¯
∗
µλ − (ρ¯λµ + ρ¯αβ J¯
α
λ J¯
β
µ ) =
1
2
(τ¯ ∗ − τ¯ )g¯λµ, (4.3)
holds on M¯ [4]. Setting λ = i and µ = j in (4.3), and taking account of (2.19) ∼
(2.22), we have
ρ∗ij + ρ
∗
ji − ρij − ρabφi
aφj
b =
1
2
(τ ∗ − τ)gij . (4.4)
Similarly, setting λ = ∆ and µ = j in (4.3), and taking account of (2.19) and (2.21),
we have
1
2
ξaRjac
bφb
c = ξaφj
bρab. (4.5)
Transvecting (4.4) with gij, and taking account of (6) of (3.5), we have
2τ ∗ − 2τ + 2− trh2 =
3
2
(τ ∗ − τ),
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and hence
τ ∗ − τ + 4 = 2trh2. (4.6)
Since a contact metric manifold is K-contact if and only if h = 0 holds ([2], Theorem
7.1), from (4.6), taking account of the Olszak’s Lemma introduced in Section 3, we
may obtain the well-known result that a 3-dimensional K-contact manifold is Sasakian.
Then, taking account of Proposition 7, we can easily check that the equality (4.5) is
automatically satisfied, since ρiaξ
a = 2ηi holds.
On the other hand, it is well-known that the curvature tensor R of a 3-dimensional
Riemannian manifold M = (M, g) satisfies the following identity:
R(X, Y )Z =g(Y, Z)QX − g(X,Z)QY + g(QY,Z)X − g(QX,Z)Y
−
τ
2
(g(Y, Z)X − g(X,Z)Y ),
(4.7)
for any X, Y, Z ∈ X(M). We here assume that M = (M,φ, ξ, η, g) is a H-contact
manifold. Then, there exists a smooth function f on M satisfying
Qξ = fξ (4.8)
[9]. From (4.8), taking account of (5) of (3.5), we have
f = 2− trh2. (4.9)
Now from (4.7) and (4.8), we have
Rijk
lξk = (
τ
2
− f)(ηiδj
l − ηjδi
l)− ηiρj
l + ηjρi
l. (4.10)
From (4.10), we have
Rijk
lξjξk = (
τ
2
− 2f)ηiξ
l − (
τ
2
− f)δi
l + ρi
l,
and hence
φa
iRijk
aξjξk = −(
τ
2
− f)φa
l + φa
iρi
l. (4.11)
Operating ∇i to (4.10) and taking account of (3) of (3.5), we have
− ξk∇kρj
l + ξk∇lρjk +Rjik
lφik +Rjik
lφa
khia
= (
1
2
ξτ − ξf)δj
l + (
τ
2
− f)(−φj
l + φajh
la)− ρi
l(−φj
i + φajh
ia).
(4.12)
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Thus, from (4.12), we have further
−ξτ +
1
2
ξτ − ha
kφi
aρk
i =
3
2
ξτ − 3ξf + ha
iφl
aρi
l,
and hence
2ξτ − 3ξf + 2tr(hφQ) = 0. (4.13)
On one hand, from (4) of (3.5) and (4.11), we have also
ξi∇ihk
l = φk
l − ha
lhb
aφk
b + (
τ
2
− f)φk
l − φa
lρk
a. (4.14)
Thus from (4.14), taking account of (2.9), we have
1
2
ξ(trh2) = hl
kξi∇ihk
l = −hl
kha
lhb
aφk
b − hl
kφa
lρk
a = −tr(h3φ)− tr(hφQ) = −tr(hφQ),
and hence
1
2
ξ(trh2) = −tr(hφQ). (4.15)
Thus, from (4.13) and (4.15), taking account of (4.9), we have
0 = 2ξτ − 3ξf − ξ(trh2) = 2ξτ + 3ξ(trh2)− ξ(trh2) = 2ξτ + 2ξ(trh2),
and hence
ξ(τ + trh2) = 0. (4.16)
We here recall the fact that there exists a 3-dimensional (κ, µ, ν)-contact metric man-
ifold M0 which is open and close [6]. We may easily check that the equality (4.16) is
regarded as an extension of the one on M0 to the whole of M which is derived from
(3.20) and (3.21) with (3.13) in the paper [5] and also that the examples introduced in
the same paper illustrate the equality (4.16).
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